A new method is presented for calculating the values of K, and K,, in the elasticity solution at the tip of an interface crack. The method is based on an evaluation of the J-integral by the virtual crack extension method. Expressions for calculating K, and K,, by using the displacements and the stiffness derivative of the finite element solution and asymptotic crack tip displacements are derived. The method is shown to produce very accurate solutions even with coarse element mesh.
INTRODUCTION
As THE DEMANDS made upon the strength and durability of today's engineering materials increase, the advantage of combining the properties of two or more materials into a single member have become apparent. For these material systems it is the low fracture toughness that limits their use in engineering and structural components. The need to understand, quantify and improve the toughness of composite materials has renewed interest in the elastic interface crack problem. The presence of cracks on bimaterial interfaces presents special analytical problems not encountered in cracked homogeneous bodies. In single material bodies, stress intensification arises solely from a geometric discontinuity, the crack. The bimaterial body, in contrast, produces stress intensification from a geometric discontinuity and material discontinuity. These discontinuities induce K, and K,, intensification for single mode loading. This coupling of stress intensification was first demonstrated by Williams [l] . He also showed that the stresses behave in an oscillatory manner as the crack tip is approached. Further analysis of crack bimaterial bodies by Cherpanov [2] , England [3] , Erdogan [4] and Rice and Sih [5] has given yield stress intensity factors for some simple geometries and loading.
Because of the complexity of these analyses, numerical procedures are a necessity when stress intensities are desired for more general configuration and loading. Lin and Mar [6] and Van der Zande and Grootenboer [7] used special hybrid crack tip finite elements to obtain K, and K,, for the interface crack. In this case, standard finite element code cannot be used directly. Complicated computational procedures are required. Smelser [8] presented a method for obtaining the stress intensity factor for bimaterial bodies using numerical crack flank displacement data. The method is able to resolve the magnitude of the stress intensity factor from the finite element method with accuracy; the resolution of the angle is not satisfactory when the angles are small. Wang and Yan [9] developed a technique for obtaining K, and K,, in bimaterial fracture by using the M-integral of Chen and Shield [lo] . Matos et al. (111 presented a numerical method for obtaining the values K, and K,, in the elasticity solution at the tip of an interface crack. The basis of the method is an evaluation of the J-integral by the virtual crack extension method. Individual stress intensities can then be obtained from further calculation of J perturbed by small increments of the stress intensity factor. Numerical examples have shown that values of K, and K,, depend on the increments AK, and AK,, .
In this paper, new expressions for obtaining K, and K,, by using the method of Matos et al. are presented. It can show that the results of K, and K,, are independent of the increments AK, and AK,, . The new expressions can be implemented with very little programming effort by adding a subroutine to any existing finite element code. (
Subscripts 1 and 2 refer to the materials in y > 0 and y < 0, respectively, as in Fig. 1 , K = 3 -4v for plane strain and IC = (3 -v)/( 1 + v) for plane stress, v = Poisson ratio, and p = shear modulus. The fracture analysis of interface cracks has been complicated by the oscillatory feature of the near-tip deformation field. For an absolute characterization of the interface stress intensity factor, Rice [13] introduced a scaling length i so eq. (1) may be rewritten as
where the K = ki'" shall be defined as the stress intensity factor for the interface crack. As pointed out by Rice, the scaling length i may be chosen arbitrarily as long as it is held fixed when specimens of a given material pair but with different loading and geometry conditions are considered. Different values of i will not alter the magnitude of K but will change its phase angle. Since the oscillation index E is typically very small, the variable quantity (r/i)'" = exp[is ln(r/i)] has a very weak variation with r. Thus it may define the mode I and II interface stress intensity factors K, and K,, as
It should be understood that the definition of eq. (4) rigorously reduces to that of the classical mode K,, K,, stress intensity factors only when E = 0, but for simplicity we will use the same stress intensity factor notations (K,, K,, and K = K, + iK,,) for both homogeneous and interface cracks. The J-integral [14] is defined as J= s r W dy -nits,, 2 ds, where F is any contour from the bottom crack surface around the tip to the top surface, W is the strain energy density, oij the stress tensor, U, the displacement vector, and ni the outward unit normal to the contour. The conservation integral J has been extended by Smelser and Gurtin [15] to bimaterial bodies proved that the crack surfaces are free from traction and the interface is a straight line. The J-integral is related to stress intensity factors of an interfacial crack by J = (K: + K;,)/H,
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Here, U is the potential energy of the body and differentiation with respect to crack length a is carried out at fixed load. The vector (II,,} contains as elements the nodal degree of freedom for a finite element calculation and [S] is the stiffness matrix for the crack problem. In the virtual crack extension method [16] the crack problem is first solved to obtain the vector {u.}. Then a small virtual crack extension is caused in the plane of the crack and a new value of the stiffness computed. Usually the crack is extended by rigidly moving a core of elements around the tip and distorting only one ring such as the shaded one shown in Fig. 2 . That is, all elements outside the distorted ring are also held rigid. As a result, the computations of changed stiffness required are limited and the multiplication involved in eq. (7) involves small vectors and matrices. Now consider a bimaterial problem A for which it is desired to compute K, and K,,. First, solve the problem by the finite element method to find {II,} and 8 [S]/&X Then add to displacements {Au!,} for a problem in the same geometry for which K,, = 0 and K, = AK,. This set of displacements can represent any problem desired and it should be noted that the field is actually needed only for the part associated with the distorted ring of elements. In view of this, the asymptotic crack tip displacements can be used everywhere as a suitable field. That is 
(12) (13) It is obvious that K, is independent of the AK, because {Au:} is proportional to AK,.
The procedure can then be repeated for an added vector such that K, = 0 and K,, = AK,, , if desired.
These displacements are such that 
K,i is independent of AK,, .
NUMERICAL STUDY
To study the applicability of the proposed method for calculating stress intensities in bimaterial fracture, a bimate~al plane stress plate that contains an interface crack of two length units and is subjected to unit biaxial tensile stress was investigated ( Fig. 3 ). For simplicity, units are omitted implying that an appropriate normalization has been carried out. The scaling length i is one length unit. Because of the symmetry of the geometry and the load, only half the model was analysed. One of the meshes used in this analysis to obtain the finite element elasticity solution Table I lists the material properties ratios for three cases. A comparison between results by using eqs (7) and (9) and the analytical solution is shown in Table 2 . Numerical study has shown that the same results are obtained with different values of AK, and A&. It is a natural outcome. Several calculations were done using different meshes focused at the crack tip to test the convergence and mesh dependence. Figure 5 shows the two focused meshes with 96 and 128 elements. The number of elements for the rest of the mesh was kept constant at 96 as shown in Fig. 4 . Numerical results for different numbers of elements in the focused mesh are shown in Table 3 . As Table 3 shows, K,, K,, and II/ are insensitive to the number of focused elements.
CONCLUSIONS
A new method has been presented for calculating K, and K,, in bimaterial fracture. The method produces very accurate results, even for relatively coarse meshes, and has a low sensitivity to the degree of mesh refinement near the crack tip.
The cost of computing Kr and K,, is generally less than a few per cent of the cost of initial elastic analysis. Furthermore, the modularity of the new algorithm permits it to be easily incorporated in any existing finite element code without changing the main body of the program.
